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Symmetry of Scalar Elements

1 2 2 0

P3AO(T2) = <A37 )‘37 A37 )\%)\27 A%)\h )‘%AOa )‘(%)\27 A(2))\17 )‘%AOa )‘O)‘l)\2> .
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Symmetry of Scalar Elements

1 2 2 0

P3AO(T2) = <A37 )‘37 A37 )\%)\27 A%)\h )‘%AOa )‘(%)\27 A(2))\17 )‘2A07 )‘O)‘ )‘2> .

e When computing matrix of, e.g., a(u, v) fT2 Vu-Vv, can
exploit sixfold symmetry of T2 to compute fewer entries.
a ()‘87 )‘%)‘2) =a ()‘:1))7 )‘%)‘0) =a ()‘g’ )‘g)‘l)
=a ()‘87 )‘%)‘1) =a ()‘%7 )‘g)‘2) =a ()‘%7 )‘%)‘0)

Yakov Berchenko-Kogan Duality and Symmetry in FEEC



Symmetry of Scalar Elements

1 2 2 0

P3AO(T2) = <A37 )‘37 A37 )\%)\27 A%)\h )‘%AOa )‘(%)\27 A(2))\17 )‘2A07 )‘O)‘ )‘2> .
e When computing matrix of, e.g., a(u, v) fT2 Vu-Vv, can
exploit sixfold symmetry of T2 to compute fewer entries.
a (N ATA) = a (A, A3)) = a (A3, \50)
=a (A3, M501) = a (A3, A50,) = a (A3, A1)
@ More generally,
[728  (du® dv)/detg = y/detgg™! (> du ® dv).



Symmetry of Vector Elements
Whitney Elements
T7i E 3

RTE PrA'(Ay) N1 Py A (A3)
<)\1 dy — Apd ), </\1 dXa — A2 d)q, < A1 dXo AdAs
Ao d)Xg — Ao dAo, Ao dAg — Ao dAo, 4+ Ao dA3 A d)
Ao dA1 — A1 d)\0>. Ao dA1 — A1 d ), + A3 dA1 A d)g,
Ao dA3 — A3 d ), ce
A1 dA3 — A3 dAq, Ao dA1 A dA;
Ao dA3 — A3 d)\2>. + A1 dXa Ad)g
+ A2 dAo A d)\1>

Geometric symmetry = basis symmetry (up to sign).
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Symmetry of Vector Elements
Lack of Symmetric Bases

0

1 2

PoAY(T?)
= (dXo, dA1,dA2),

ddo+d 1 +dX =0
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Symmetry of Vector Elements
Lack of Symmetric Bases

0
TH>7“/\‘V 8 Y{HHHFV/‘/\A(' 20
RTS Py Al(Ay) BDM:") PiA (A,)
1
(A dX\a — Ahad), (..
PoA(T?) A2 dA; — AtAz d)Ag,
= (dXo, dA1,dA2), . AoA1 A2 d),
A2 dA1 — A1 d)o, AoA1A2 dAg,

' /\% d)\o — /\0)\1 (://\17 )‘0)\1)\2 d)\2>-

AoA1 dA2 — o2 d g,
A1A2 dAg — ApA1 d o,
AoA2 dA1 — A1 d)\0>.
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Theorem (if: Licht, 2019; only if: YBK, 2021)

The following spaces have symmetry-invariant bases up to sign if
and only if the corresponding condition holds.

P,AY(T?) if and only if  r ¢ 3N,
P;ANY(T?)  ifandonly if  r¢ 3Ng+2.

Theorem (YBK, 2021)

The following spaces have symmetry-invariant bases up to sign if
and only if the corresponding condition holds.

73 /\1( 3) always,
1(T3) if and only if  r ¢ 3N + 2,
2( 3) always,

P, A?(T3) always.

v
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Methods
Recursion

0
0 o

12

I 2 oo o

PsN(T?) =2 3PsN\°(TO) @ 3PsAO(TH) @ PsA%(T?)
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Methods
Recursion

0
0 o

12

I 2 oo o

PsN(T?) =2 3PsN\°(TO) @ 3PsAO(TH) @ PsA%(T?)

(A3) @ (A]) @ (A3)
® <)\%/\2, )\%)\1> D <)‘%)‘07 /\(2))‘2> D </\?))‘1’ )\%)‘0> ® (AoA1A2)
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Methods
Recursion

0
0 o

12

I 2 oo o

PsN(T?) =2 3PsN\°(TO) @ 3PsAO(TH) @ PsA%(T?)

(A3) @ (\)) @ (A3)
® <)\%/\2, )\%)\1> D <)‘%)‘07 /\(2))‘2> D </\?))‘1’ )\%)‘0> ® (AoA1A2)
= (A5) ® (A]) @ (\3)
D </\1 ds, \» d5> D <)\0 ds, \» d5> D (/\0 ds, \1 d5> D <1 dA>
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Methods

Recursion
0
o

12

I 2 oo o

PsN(T?) =2 3PsN\°(TO) @ 3PsAO(TH) @ PsA%(T?)
=~ 3P,A\(T%) @ 3PIAY(TY) @ PoA?(T?)
(N0) @ (A1) @ (A3)
B (AT, A1) @ (A3Ag, AgA2) & (AGA1, AMAg) @ (AgAi )
= (A5) & (A) @ (A3)
D </\1 ds, \» d5> D <)\0 ds, \» d5> D (/\0 ds, \1 d5> D <1 dA>
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Methods

Tetrahedron Basis
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Tetrahedron Basis
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Methods

Tetrahedron Basis
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Methods
Tetrahedron Basis

PoA(T?)
= (dXo + dA1 — dX2 — d)s,

)

dA1 4+ dXy — dXo — dA3)
=:{a, 5,7).



Methods
Tetrahedron Basis

PoAY(T3)

= PoA%(T3) @ PoAL(T?)

= (A5, N33, A3,
Ao, A3, M%7,
A0, A5, A5,
Mo, A3, A3,
AoA1cr, AoA17, AdoA1,

PoN (T?) AoA20v, AoA2/7, Ao,

= (dXo + dA\1 — dX2 — d)s, A3, A3/, AoA3y,

; A1 Aocr, A1 ha 7, A1 A2y,

dM\ +dXo — d)g — d/\3> A1Aza, A1 A3/, A1 Az,
=:{a, 5,7). Ao A3, AoA3 ,/\2)\37>.
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Methods

Obstructions
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Methods

Obstructions

Representations of Z/3

@ The 1D representation 1 where Z/3 acts trivially.

@ The 2D representation 2 where Z/3 acts by 120° rotations.

@ The 3D representation 3 where Z/3 acts by permuting the
coordinates.

o 3= 1@ 2 because ((1,1,1)) is an invariant subspace.
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Methods
Obstructions

Representations of Z/3

@ The 1D representation 1 where Z/3 acts trivially.

@ The 2D representation 2 where Z/3 acts by 120° rotations.

@ The 3D representation 3 where Z/3 acts by permuting the
coordinates.

e 3>1® 2 because ((1,1,1)) is an invariant subspace.

Invariant bases

1 and 3 have symmetry-invariant bases, but 2
does not.
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Methods
Obstructions

Representations of Z/3

@ The 1D representation 1 where Z/3 acts trivially.

@ The 2D representation 2 where Z/3 acts by 120° rotations.

@ The 3D representation 3 where Z/3 acts by permuting the
coordinates.

e 3>1® 2 because ((1,1,1)) is an invariant subspace.

Invariant bases

1 and 3 have symmetry-invariant bases, but 2 T
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Methods
Obstructions

Representations of Z/3

@ The 1D representation 1 where Z/3 acts trivially.

@ The 2D representation 2 where Z/3 acts by 120° rotations.

@ The 3D representation 3 where Z/3 acts by permuting the
coordinates.

e 3>1® 2 because ((1,1,1)) is an invariant subspace.

Invariant bases

1 and 3 have symmetry-invariant bases, but 2 )
does not.
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Methods
Obstructions

Representations of Z/3

@ The 1D representation 1 where Z/3 acts trivially.

@ The 2D representation 2 where Z/3 acts by 120° rotations.

@ The 3D representation 3 where Z/3 acts by permuting the
coordinates.

e 3>1® 2 because ((1,1,1)) is an invariant subspace.

Invariant bases

1 and 3 have symmetry-invariant bases, but 2 A
does not.
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Methods
Obstructions

Representations of Z/3

@ The 1D representation 1 where Z/3 acts trivially.
@ The 2D representation 2 where Z/3 acts by 120° rotations.

@ The 3D representation 3 where Z/3 acts by permuting the
coordinates.
e 3>1® 2 because ((1,1,1)) is an invariant subspace.

Invariant bases

1 and 3 have symmetry-invariant bases, but 2 A
does not.

Proposition
A representation V= ml @ n2 has a 7Z./3-invariant basis up to
sign if and only if m > n.
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(Ao ds, A1 ds) 22 (A§A1, A3N)
PINY(TY) = PsA0(TY)
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Previously. . .

. . (Ao ds, A1 ds) 22 (A§A1, A3N)
oo PINY(TY) = P3A%(T)

FEEC Duality (Arnold, Falk, and Winther, 2006)

PA(T") = Pryy  N74TT),

PrN(T™) 2= PN 4(T").
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Previously. . .

. . (Ao ds, A1 ds) 22 (A§A1, A3N)
PINY(TY) = PsA0(TY)

A\

FEEC Duality (Arnold, Falk, and Winther, 2006)
PAN(T) 2 B AT H(T),
PrN(T") = Py A™K(T).

An explicit map (Licht, 2018)
PINY(T?) — Py AY(T?), PrAY(T?) — PoAY(T?),
)\1 d)\l g )\o)\% d)\z — )\%)\2 d)\o, )\0 d)\l — )\1 d)\o — )\0)\1 d>\2.

<

Yakov Berchenko-Kogan Duality and Symmetry in FEEC



Previously. . .

. . (Ao ds, A1 ds) 22 (A§A1, A3N)
PINY(Th) = PsA°(TH)

FEEC Duality (Arnold, Falk, and Winther, 2006)
PAN(T) 2 B AT H(T),
PrN(T") = Py A™K(T).

An explicit map (Licht, 2018)
PINY(T?) — Py AY(T?), PrAY(T?) — PoAY(T?),
)\1 d/\l g )\o)\% d)\z — )\%)\2 d)\o, )\o d)\l — )\1 d)\o — )\0)\1 d>\2.

The Hodge star (YBK, 2019)

The two maps are the same; have formula using Hodge star on S”.
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The sphere

Change of coordinates  \; = u?, d\; = 2u; du;

i

A2 u2
2 a2 ‘ N 2
A1 \‘g up
Ao ug
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The sphere

Change of coordinates  \; = u?, d\; = 2u; du;

i

A2 u2
72 L ‘ N 2
o,
Ao ug

The duality map

© Change coordinates to the sphere ®*: AK(T") — AK(S™).
@ Apply the Hodge star on the sphere.

© Multiply by the bubble function uy := ug - - - up.

@ Change coordinates back to the simplex.

(d)*)_l o up*gn o d*
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Examples
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O o= d*a=2u}du € P3AY(S?).
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O o= d*a=2u}du € P3AY(S?).
Q x50 = 2upud dus — 2uup dug € P, AH(S?).
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O o= d*a=2u}du € P3AY(S?).
Q x50 = 2upud dus — 2uup dug € P, AH(S?).

Q [ = wuiup(*snar) = 2ugufu2 dup — 2uoufu3 dug € 7.57_/\1(52).
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O o= d*a=2u}du € P3AY(S?).

Q x50 = 2upud dus — 2uup dug € P, AH(S?).

Q B = upurtn(*snx) = 2uiujup dun — 2uguiu3 dug € 7.57_/\1(52).
Q b= (d*)la= AA2dNa — A\ dAg € Py AY(T?).
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O o= d*a=2u}du € P3AY(S?).

Q x50 = 2upud dus — 2uup dug € P, AH(S?).

Q B = upurtn(*snx) = 2uiujup dun — 2uguiu3 dug € 737_/\1(52).
Q b= (d*)la= AA2dNa — A\ dAg € Py AY(T?).

a=MXd\1 — A\1d)\ € 7)1_/\1(7_2)
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O o= d*a=2u}du € P3AY(S?).

Q x50 = 2upud dus — 2uup dug € P, AH(S?).

Q B = upurtn(*snx) = 2uiujup dun — 2uguiu3 dug € 737_/\1(52).
Q b= (d*)la= AA2dNa — A\ dAg € Py AY(T?).

a=MXd\1 — A\1d)\ € 7)1_/\1(7_2)

Q@ o= ®*a=2u3u; duy — 2uou? dug € Py N1(S?).
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O o= d*a=2u}du € P3AY(S?).

Q x50 = 2upud dus — 2uup dug € P, AH(S?).

Q B = upurtn(*snx) = 2uiujup dun — 2uguiu3 dug € 737_/\1(52).
Q b= (d*)la= AA2dNa — A\ dAg € Py AY(T?).

a=MXd\1 — A\1d)\ € 7)1_/\1(7_2)

Q a=d%a=2udu duy — 2ueu? dug € P§A1(52).

Q@  xqa =2((vgur + uoud)duy — U uyun duy — uoud up duy)
= 2uoun (U3 + u? + u3) duy — wguyup d(ud + U3 + u3)
= 2uguy duy € 772/\1(52).
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O o= d*a=2u}du € P3AY(S?).

Q x50 = 2upud dus — 2uup dug € P, AH(S?).

Q B = upurtn(*snx) = 2uiujup dun — 2uguiu3 dug € 737_/\1(52).
Q b= (d*)la= AA2dNa — A\ dAg € Py AY(T?).

a=MXd\1 — A\1d)\ € 7)1_/\1(7_2)

Q a=d%a=2udu duy — 2ueu? dug € P§A1(52).

Q@  xqa =2((vgur + uoud)duy — U uyun duy — uoud up duy)
= 2uoun (U3 + u? + u3) duy — wguyup d(ud + U3 + u3)
= 2uguy duy € 772/\1(52).

Q 8 = wouitn(*s20) = 2ududuy duy € PsAL(S?).

Yakov Berchenko-Kogan Duality and Symmetry in FEEC



O o= d*a=2u}du € P3AY(S?).

Q x50 = 2upud dus — 2uup dug € P, AH(S?).

Q B = upurtn(*snx) = 2uiujup dun — 2uguiu3 dug € 737_/\1(52).
Q b= (d*)la= AA2dNa — A\ dAg € Py AY(T?).

a=MXd\1 — A\1d)\ € 7)1_/\1(7_2)

Q a=d%a=2udu duy — 2ueu? dug € P§A1(52).

Q@  xqa =2((vgur + uoud)duy — U uyun duy — uoud up duy)
= 2uoun (U3 + u? + u3) duy — wguyup d(ud + U3 + u3)
= 2uguy duy € 772/\1(52).

Q 5= uwuim(xsa) = 2u(2,u%uz du, € 755/\1(52).

Q@ b= (9*)"18 = A1 dXz € PoAL(T2).
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Polynomial forms on the simplex and the sphere

Change of coordinates  \; = u?, d\; = 2u; du;

i

A2 uz

2 b 2
N

Ao
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Polynomial forms on the simplex and the sphere

Change of coordinates  \; = u?, d\; = 2u; du;

i

A2 up

5 ) N2
N

Ao

Theorem

The map ®*: N*(T") — AK(S") gives isomorphisms:
PAA(T") = PariNE(S™),
PrN(T™) = Pjp i Ne(S™),
PAN(T") = ParskNE(ST),

PrN(T™) = PorkNe(S™),
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PA(T") = Porie(S")

AoA? dXa A dA3 > u3uf(2uo dun) A (2us dus)
= 4u3ufupus duy A dus
P3N (T3) — Peh2(S?).
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PN (T") = Porhe(S7)
AoA? dXa A dA3 > u3uf(2uo dun) A (2us dus)
= 4u3ufupus duy A dus
P3N (T3) — Peh2(S?).

v
Definition
@ A form is even if it is invariant under all coordinate reflections.
o e.g. Ro: (up,ur, tp, uz) — (uo, ty, —ti, u3).

@ The space of such forms is denoted AX(S™).
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PN(T") = Py k AS(ST)
AoA? dXa A dA3 > u3uf(2uo dun) A (2us dus)

= 4u3ufupus duy A dus
P3N?(T3) — PeA2(S3).

Definition
@ A form is even if it is invariant under all coordinate reflections.
o e.g. Ro: (up,ur, tp, uz) — (uo, ty, —ti, u3).

@ The space of such forms is denoted AX(S™).

The image of ®* is even

o S o NS

T IR NK(T™) TR;*
Yq>\ sn *

(0] /\k(S")
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PA(T") = Py, N(S")

A new definition of P,
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PA(T") = Py, N(S")

A new definition of P,

@ Let X denote the radial vector field

0 0
X =X+, An) = Aoma— + - + Ap
(07 7 ) )‘08)\0‘1’ +)\8)\n
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PA(T") = Py, N(S")

A new definition of P,

@ Let X denote the radial vector field

d d
X = (30s- - An) = Mg 4 eee 4 Ap
o Let o On

PrAK(R™) = ix Py AR,
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PA(T") = Py, N(S")

A new definition of P,

@ Let X denote the radial vector field

d d
X = (30s- - An) = Mg 4 eee 4 Ap
o Let o On

,P:/\k(Rn+1) — iXPr_lAk+1(Rn+l).

o Let P, AX(T") and P;AK(S™) denote the restrictions of
P,y A(R™1) to T" and S, respectively.
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PA(T") = Py, N(S")

A new definition of P,

@ Let X denote the radial vector field

d d
X = (30s- - An) = Mg 4 eee 4 Ap
o Let o On

PrAK(R™) = ix Py AR,

o Let P, AX(T") and P;AK(S™) denote the restrictions of
P,y A(R™1) to T" and S, respectively.

®* sends P~ to P~
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PA(T") = Py, N(S")

A new definition of P,

@ Let X denote the radial vector field

d d
X = (30s- - An) = Mg 4 eee 4 Ap
o Let o On

P;Ak(Rn+1) — iXPr_lAk+1(Rn+l).

o Let P, AX(T") and P;AK(S™) denote the restrictions of
P,y A(R™1) to T" and S, respectively.

®* sends P~ to P~
o View ®: R"1 — R"1 with same formula

(Noy .-y An) = D(uo, ..., up) = (3, ..., u2)

»=n
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PA(T") = Py, N(S")

A new definition of P,

@ Let X denote the radial vector field

d d
X = (30s- - An) = Mg 4 eee 4 Ap
o Let o On

P;Ak(Rn+1) — iXPr_lAk+1(Rn+l).

o Let P, AX(T") and P;AK(S™) denote the restrictions of
P,y A(R™1) to T" and S, respectively.

®* sends P~ to P~
o View ®: R™1 — R with same formula
(Noy .-y An) = D(uo, ..., up) = (3, ..., u2)
o Key fact: ¢, X = 2X.

n n

9 I\ O ) .0
i = e = i(2ui)—— =2 s
g 4 8U,‘ =0 = 8u,- 8)\,‘ Z = ( = )8)\, 2)\ 6)\,’

i=0
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PN (T") = PorNo(S")

Two notions of “vanishing trace”

Let Q be a domain with boundary 9Q and let o € A*(Q).
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PN (T") = PorNo(S")

Two notions of “vanishing trace”
Let Q be a domain with boundary 9Q and let o € A*(Q).
@ *a =0, where i: 02 < Q is the inclusion.

Yakov Berchenko-Kogan Duality and Symmetry in FEEC



PN (T") = PorNo(S")

Two notions of “vanishing trace”
Let Q be a domain with boundary 9Q and let o € A*(Q).

@ *a =0, where i: 02 < Q is the inclusion.
o a(Xi,...,Xx) =0 for any vectors Xi, ..., Xk tangent to 9Q.
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PN (T") = PorNo(S")

Two notions of “vanishing trace”
Let Q be a domain with boundary 9Q and let o € A*(Q).

@ *a =0, where i: 02 < Q is the inclusion.

° O‘(Xlz,' .., Xx) = 0 for any vectors Xi, ..., Xk tangent to 99Q.
o a € P,AK(T") vanishes if we set \; = 0 and d)\; = 0.
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PN (T") = PorNo(S")

Two notions of “vanishing trace”
Let Q be a domain with boundary 9Q and let o € A*(Q).

@ *a =0, where i: 02 < Q is the inclusion.

° O‘(Xlz,' .., Xx) = 0 for any vectors Xi, ..., Xk tangent to 99Q.
o a € P,AK(T") vanishes if we set \; = 0 and d)\; = 0.

@ Evaluated at any point x € 09, a, € AKT;Q vanishes.
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@ *a =0, where i: 02 < Q is the inclusion.
° O‘(Xlz,' .., Xx) = 0 for any vectors Xi, ..., Xk tangent to 99Q.
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o a(Xi,...,Xx) =0 for any vectors Xi, ..., Xk based at 9Q.
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PA(T") 22 Py N(S™)

Let Q be a domain with boundary 9Q and let o € A*(Q).
@ *a =0, where i: 02 < Q is the inclusion.
° a(Xl, ..., Xk) = 0 for any vectors Xi, ..., Xk tangent to 0%Q.
o ac? /\k(T”) vanishes if we set \; = 0 i d\i =0.
@ Evaluated at any point x € 09, a, € AKT;Q vanishes.

o a(Xi,...,Xx) =0 for any vectors Xi, ..., Xk based at 9Q.
e The Eooefficients of a vanish on 0X).
o a € Py, kN5(S") vanishes if we set u; = 0.

®* sends P to P

o Let S"'=5"N{uj=0}and 7' =T"N{\ =0}

@ D® maps vectors tangent to S/~ 1 to vectors tangent to T,-”_l.

_ ou? —
o D® maps vectors normal to S"~* to zero. (5-=0o0n S/ 1)
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Recap

The map ®*: N*(T") — AK(S") gives isomorphisms
PA(T™) = Por ik NE(ST),
Rl = Py iNe(ST),
ParikNE(S™),
Porsihe(S),

n

\L\z llz N

n

(")
mk(r”)
NA(T")
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The map ®*: N*(T") — AX(S") gives isomorphisms:

PAN(T™Y S Py AE(S™),

The duality map

k n\ ~ P— n—k n
(©*) 7L o upksn 0 D*: PAN(T") =P AT,
PNK(T™) 2= P, ATR(TT).

Yakov Berchenko-Kogan
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The map ®*: N*(T") — AK(S") gives isomorphisms
PA(T™) = Por ik NE(ST),
PN

n

(T") = 2r+k/\k(5n)7
73r/\k(Tn) = ParrkNE(ST),
N(T™) = Py NE(S™),

The duality map
k ny ~ P n—k n
(@)L o upyxgn o d*: PN (T") = Py AT,
PrANK(T™) = P ATRK(TT).

7)2r+k/\k(5n) = 7.52_r+n+k+2/\n_k(5n)a
P,

2r+k/\k(5 ) = Porni ik NITH(ST).

Yakov Berchenko-Kogan
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The Hodge star on the sphere

Proposition

PN (S™) = P ATR(S),
PoAK(S™) =2 Pt A"K(S™).

*Sn:
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The Hodge star on the sphere

PN (S™) = P ATR(S),
PoAK(S™) =2 Pt A"K(S™).

*Sn:

V.

Example

o = u} duy € P3N(S?).

V.
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The Hodge star on the sphere

PN (S™) = P ATR(S),
PoAK(S™) =2 Pt A"K(S™).

*Sn:

V.

Example

o = u} duy € P3N(S?).
kg2 v = —Ix (*p3x)
= ix (13 dug A duy)
= ufix(duo) duy — U%I.X(dUQ) dug

= 3 ug duy — v up dug € P, A(S?)

V.
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The Hodge star on the sphere

PN (S™) = P ATR(S),
PoAK(S™) =2 Pt A"K(S™).

*Sn:

V.

o = u} duy € P3N(S?).
kg2 v = —ix(*g3cr)
ix(u% dug A dU2)

= u}ix(dug) dup — udix(duy) dug
= 3 ug duy — v up dug € P, A(S?)

g2 (*s20r) = w3 ug(u1 dug — ug duy) — uduo(uo duy — 1y dup)
= —u3(u§ + uf + u3) dus + 3ug d(u§ + uf + u3)
= —a € P3N(S?).
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Multiplication by the bubble function

Proposition

PN (S") =2 Py yni1N(S"),

uny = up---Up: ” - P
PeN(S") = PopnitN(S)-
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Multiplication by the bubble function

PN (S") =2 Py yni1N(S"),
PoAK(S™) = P, A(ST).

uny = up---Up:

o

Counterexamples
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Multiplication by the bubble function

PN (S") =2 Py yni1N(S"),
PoAK(S™) = P, A(ST).

uny = up---Up:

o

Counterexamples

o uy =ix(uy---updup) € 75;+1/\0(5”).
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Multiplication by the bubble function
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Multiplication by the bubble function

PN (S") =2 Py yni1N(S"),
PoAK(S™) = P, A(ST).

o uy = ix(ur---updug) € P, 1A0(S).
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A
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Multiplication by the bubble function

PN (S") =2 Py yni1N(S"),
PoAK(S™) = P, A(ST).

o uy = ix(ur---updug) € P, 1A0(S).
o But 1 ¢ Py A°(S").

@ uyvolsn = uy---updug A--- ANdu, € 75,,/\”(5”).
e But vols» ¢ P_1A"(S").

@ These are the only counterexamples.

uny = up---Up:

@ Proposition still holds if we add span{1} or span{volsn} to
the left-hand side when necessary.

A
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Recap

The duality map
Pari,kN(S™) = Pory nik N (ST,
772_,+k/\§(5") = Py nrkNITH(ST).

Upn*gn:
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Recap

The duality map

Un*sn: PorskNe(S™) = Poyy pisraNe (ST,
P2_r+k/\/e(‘(5n) = Py s nikNITR(S™).
k ny ~v n—k n
(¢*)71 o up*gn o P*: PAN(T") = r+k+1A ("),
PrA(T™) = Py NH(TT).
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Recap

The duality map
Pari,kN(S™) = Pory nik N (ST,
772_,+k/\§(5") = Py nrkNITH(ST).

Upn*gn:

PAN(T™) = P N4,

(®*) L o upksn 0 D*: .
PrN(T™) = P AH(TT).

o voln € PoA(T") but 1 ¢ Py AO(T").
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A special case or a new definition?

o volrn € PoA"(T") but 1 ¢ Py AO(T").
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A special case or a new definition?

o voln € BoA"(T") but 1 ¢ Py AO(T").

Definition

Pr_Ak(Rn+1) = ixpr_l/\k+1(Rn+1).
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A special case or a new definition?

o voln € BoA"(T") but 1 ¢ Py AO(T").

Pr—/\k(Rl‘H-l) — ixpr_lAk+1(Rn+1).

PoAKR™Y) = {a € PAYR™) | ixa = 0}

N
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A special case or a new definition?

o voln € PoA"(T") but 1 ¢ Py AO(T"). |
PrAKRIY) = iy P, ARFL(R™H),

Py ANR™T) = {a € PASR™?) | ixa = 0}

Restricting to T",

PoAK(T™) = PoAR(T")

except 756/\0(T”) = span{1}.

A
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While we're at it

ix(u1 < e Up dUO) S 7’5;+1/\0(5n).

o But 1¢ Py A(S™).

@ uyvolsn = uy---updug A--- ANdu, € 73,,/\”(5”).
e But vols» ¢ P_1A"(S").
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While we're at it

o uy =ix(uy---updu) € 75;+1/\0(5”).
o But 1 ¢ Py A(S").

@ uyvolsn = uy---updug A--- ANdu, € 73,,/\”(5”).
e But vols» ¢ P_1A"(S").

The volume form

volgn = ualdul A - dup.

Perhaps it should be in P_1A"(S") after all?
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A vague parallel?

The cohomology of smooth closed manifolds
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The cohomology of smooth manifolds with boundary i: OM — M

o HK(M) = {a € N“(M) | dar = d(*a) = 0 and i*o = 0}.
o HK(M) = HK(M,OM).

Yakov Berchenko-Kogan Duality and Symmetry in FEEC



A vague parallel?

The cohomology of smooth closed manifolds

o HK(M) := {a € NX(M) | da = 0 and d(xa) = 0}.
o HK(M) = HK(M).
o a € HK(M) & xa € H'=K(M) so HX(M) = H'=%(M).

The cohomology of smooth manifolds with boundary i: OM — M

o HK(M) = {a € N“(M) | dar = d(*a) = 0 and i*o = 0}.
o HK(M) = HK(M,OM).
o HX(M) := {a € N¥(M) | da = d(*a) = 0 and i*(xa) = 0}.

Yakov Berchenko-Kogan Duality and Symmetry in FEEC



A vague parallel?

The cohomology of smooth closed manifolds

o HK(M) := {a € NX(M) | da = 0 and d(xa) = 0}.
o HK(M) = HK(M).
o a € HK(M) & xa € H'=K(M) so HX(M) = H'=%(M).

The cohomology of smooth manifolds with boundary i: OM — M

o HK(M) :={a € N¥(M) | da = d(xa) = 0 and i*o = 0}.
o HK(M) = HX(M,OM).

o HK(M) :={a € NK(M) | da = d(xa) = 0 and i*(xa) = 0}.
o HK(M) = HK(M).

Yakov Berchenko-Kogan Duality and Symmetry in FEEC
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A vague parallel?

The cohomology of smooth closed manifolds

o HX(M) := {a € N{(M) | da = 0 and d(xa) = 0}.
o HK(M) = HK(M).
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The cohomology of smooth closed manifolds
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e No boundary conditions!
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A vague connection?

The cohomology of smooth manifolds with boundary i: OM — M

o HK(M) :={a € N¥(M) | da = d(xa) = 0 and i*o = 0}.
o HK(M) = HK(M,OM).

o HK(M) :={a € NK(M) | da = d(xa) = 0 and i*(xa) = 0}.
o HK(M) = HX(M).

o a € HK(M) & xa € H'K(M) so HK(M) =2 H™=kK(M,aM).
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A vague connection?

The cohomology of smooth manifolds with boundary i: OM — M

o HK(M) :={a € N¥(M) | da = d(xa) = 0 and i*o = 0}.
o HK(M) = HK(M,OM).

o HK(M) :={a € NK(M) | da = d(xa) = 0 and i*(xa) = 0}.
o HK(M) = HX(M).

o a € HK(M) & xa € H'K(M) so HK(M) =2 H™=kK(M,aM).

o HX(M) := {a € NK(M) | da = 0} /{ax € AK(M) | o = d3}.
e No boundary conditions!

o Duality between H¥(M) and H"~¥(M)?

PA(T™) =P (AT,
PNK(T™) 22 P, AT (T,
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