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Symmetry of Scalar Elements

0 1

1 2 2 0

PsAO(T2) = (A3, 03, A3, ATAo, A1, A0, AgAzs AG AL, ATAg, AgA A ) -

e When computing matrix of, e.g., a(u, v) fT2 Vu-Vv, can
exploit sixfold symmetry of T2 to compute fewer entries.

a (A A1) = a (A, A3)) = a (A3, \3\)
=a (7, A3\) = a (A3, 00) = a (A3, A1)

@ More generally,
[728 (du® dv)y/detg = \/detgg ™! (12 du® dv).



Symmetry of Vector Elements
Whitney Elements

-

R PrANA,) Py A% (A3)

(A1 dXa — A2 dAg, (A1 dXy — AadAs, { AdiaAdAs

A2 dXo — Ao dAz, A2 dXo — Ao d)Az, + A2 dA3 A dAy

Ao dA1 — A1 dXo). Ao dA1 — A1 d)o, + A3 dA1 A d),
Ao dA3 — Az d)o,

A1 dA3 — Az dAg, Ao dA1 A d)o

A2 dA3 — Az dXz). + A1 dXa A dXo

+ Ao dXg A d)\1>
Geometric symmetry = basis symmetry (up to sign).
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Symmetry of Vector Elements
Lack of Symmetric Bases

0
<>—>- 8 bt 20
Ny 4 Y &
N 4N L B R
RTS Py AN A,) BDME/ P3A (A,)
1
(AT dXs — Atho d)y, (..
Pl (T?) A3 dA1 — Mg d)g, o
= (dXo, dA1,dA2), . oA 2 d o,
A3 dA1 — AoA1 d)o, AoA1A2 dAg,

d\o+ dA\1+dAy =0
A2 dAg — AoA1 dAq, Ao A2 dAz).

AoA1 dA2 — o2 d A,
A1A2 dXAg — A1 d o,
AoA2 dA1 — A1 d)\o>.
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Theorem (if: Licht, 2019; only if: YBK, 2021)

The following spaces have symmetry-invariant bases up to sign if
and only if the corresponding condition holds.

P,AY(T?) if and only if  r ¢ 3Ny,
P;ANY(T?)  ifandonly if  r¢ 3Ng+2.

Theorem (YBK, 2021)

The following spaces have symmetry-invariant bases up to sign if
and only if the corresponding condition holds.

73 /\1( 3) always,

1(T3) if and only if  r ¢ 3N + 2,
73 N2 (T3) always,
P;N?(T3) always.
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Methods
Recursion
0

0 o

12

1 2 . o0 © ,
PsN(T?) =2 3PsN\°(TO) @ 3PsAO(TH) @ PsA%(T?)

=~ 3PN\ (T%) @ 3PIAY(TY) @ PoA?(T?)
(A5) @ (A]) @ (A3)
® <)\%/\2, )\%)\1> D <)‘%)‘07 /\3)‘2> D </\?))‘1» )\%)‘0> ® (AoA1\2)
= ()0 (3) & (1)
D </\1 ds, Ap d5> D <)\0 ds, \» d5> D ()\0 ds, \1 d5> D <1 dA>
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Tetrahedron Basis

PoAY(T?)

= PoN\(T3) @ PoN(T?)

= (A§or, A3, A5,
Ao, N2, A2,
Ao, A3, M3,
A%a,A% ,Agv,
AoA1y, AdgA1 [, AdoA1y,

POAl( T3) AoA20y, AgA2/3, Ao A2y,
= (dXo + dA1 — dX2 — d), AoA3ct, AoAz 7, AoAs s
) A1 Ao, A1 Ao 3, A1 Ao,
dA1 + dz — d)o — d)s) AAsc AAs s A g,
=i {, 4,7)- XAz, AoAs Aoz ).
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Methods
Obstructions

Representations of Z/3

@ The 1D representation 1 where Z/3 acts trivially.
@ The 2D representation 2 where Z/3 acts by 120° rotations.

@ The 3D representation 3 where Z/3 acts by permuting the
coordinates.
e 3>1® 2 because ((1,1,1)) is an invariant subspace.

Invariant bases

1 and 3 have symmetry-invariant bases, but 2 A
does not.

Proposition

A representation V= ml & n2 has a 7Z/3-invariant basis up to
sign if and only if m > n.
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Duality

' o @ 1 (Ao ds, A1 ds) 22 (A§A1, A3N)
PLAY(TY) = PsAO(T)

FEEC Duality (Arnold, Falk, and Winther, 2006)
PAN(T™) =P AT,
PAN(T) = P NTR(TT).

€

An explicit map (Licht, 2018)
PINY(T?) — Py AY(T?), PLAY(T?) — PoAY(T?),
)\1 d)\l — )\0)\% d)\g = )\%)\2 d)\o, )\0 d)\l = )\1 d)\() — )\0)\1 d)\g.

.

The Hodge star (YBK, 2019)

The two maps are the same; have formula using Hodge star on S”.
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The sphere

Change of coordinates \; = u,~2, d\; = 2u; du;

A2 U

0

Ao

The duality map
@ Change coordinates to the sphere ®*: AK(T") — AK(S").
@ Apply the Hodge star on the sphere.

© Multiply by the bubble function uy := ug - - - u,.
@ Change coordinates back to the simplex.
(d)*)*l o up*gn o d*
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O o= d*a=2u}du € P3AY(S?).

Q x50 = 2upud dus — 2uup dug € P, AH(S?).

Q B = upurtp(*snx) = 2uiufup dup — 2uguiu3 dug € 737_/\1(52).
Q b= (d*)la= AA2dAa — A\ dAg € Py AY(T?).

2=\ dA — A1 d)o € PLAY(T?)
Q o= d*a=2uus duy — 2upu? dug € Py AN(S?).
Q s =2((vgur + upwd)duy — uduyup dug — uouiun duy)
= 2uguy(ud + u? + u3) dup — uguyun d(u3 + uf + u3)
= 2uquy dup € 732/\1(52).
Q 6 = wu(*xs2a) = 203 udup duy € PsAL(S?).
Q b= (d*)718 = A1 dha € PoAL(T2).
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Polynomial forms on the simplex and the sphere

Change of coordinates \; = u,-2, dX\; = 2u; du;

A2 up

D

Ao

The map ®*: N*(T") — AK(S") gives isomorphisms:
Pr/\k( ™ = P2r+kA (S™),

,P;Ak(Tn) — 2r+k/\k(5n)7
PA(T™) S Por ik NS(S™),
PrNS(T™) = Pory  NE(S™),
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PAN(T") = Py N(ST)

AMoA2 do A dX3 = uduf(2us duy) A (2us dus
1 0
= 4usufupus duy A dus
P3N3(T3) — Pgh3(S3).

Definition

@ A form is even if it is invariant under all coordinate reflections.
e e.g. R2: (U07 uy, up, U3) = (Uo, uy, —us, U3).

o The space of such forms is denoted AK(S™).

The image of ®* is even

® sn b* Ak(sn)
™R AT I
¢ sn ¢*\‘ Ak(Sn)
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PA(T") = Py, N(S")

A new definition of P,

@ Let X denote the radial vector field

0 0
X:()\o,... n) )\07_’_ Ay
o Let OAn

73 Ak(Rn+1) _ IXPr 1/\k+1(Rn+l)

o Let P7AX(T") and P;AX(S") denote the restrictions of
P,y A(R™1) to T" and S”, respectively.

®* sends P~ to P~

o View ®: R — R71 with same formula
N0y -+ s An) = (up, ..., up) = (U3, ..., u2)

° Key fact: &, X = 2X.

n n

LN D
Z“’ du; = "u; o) =D uil2u) 5 _22 8)\

i=0
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PA(T") 22 Py N(ST)

Two notions of “vanishing trace”

Let Q be a domain with boundary 9Q and let a € A*(Q).
@ *a =0, where i: 02 < Q is the inclusion.
o a(Xi,...,Xk) =0 for any vectors Xi,..., Xk tangent to 9.
o ach /\"(T”) vanishes if we set \; = 0 ot d\i =0.
@ Evaluated at any point x € 09, a, € AXT;Q vanishes.

o a(Xi,...,Xx) =0 for any vectors Xi, ..., Xk based at 9Q.
e The goefficients of a vanish on 0.
o a € Py, kN5(S") vanishes if we set u; = 0.

®* sends P to P

o Let S"'=5"N{u;=0}and 7' =T"N{\ =0}
@ D® maps vectors tangent to S/ 1 to vectors tangent to T,-”_l.

- ou? -
o D® maps vectors normal to S~ ! to zero. (.- =0 on S 1.)
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The map ®*: NK(T") — AK(S") gives isomorphisms:
PAA(T") = PariNE(S™),

PrAK(T™) 5 Py, NE(ST),
PA(T") S Por i N(S™),
PrNS(T") = Pory k NE(S™),

The duality map

PA(T™) 2 By ATH(T),

(®*)7L o upksn 0 D*:
Py N(T™) 2 Prph™(T).
7)2r+k/\k(5n) = ,ﬁ2_r+n+k+2/\,e17k(5n)7

Unksn: k(cn D, n—k/cn
Py NE(S™) 22 Py ik NTTH(ST).
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The Hodge star on the sphere

PA(ST) = P APK(S™),
PoAR(S™) = P 1 ATR(S™).
o = u3 duy € P3A(S?).

kg2 @ = —ix(*p3cr)
= ix(u% dug A dU2)

*gn:

= udix(duo) dup — 13 ix(dus) dug
= 13 up dup — s dug € P, A(S?)

g2 (*s20r) = w3 ug(u1 dug — ug duy) — uduo(uo duy — 1y dup)
= —u3(u§ + uf + u3) dus + 3ug d(u§ + uf + u3)
= —a € P3AY(S?).
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Multiplication by the bubble function

PsAk(Sn) = ,ﬁs—i-n-i—l/\k(sn)?
PoAK(S") = 7ossjrnjtl/\k(sn)‘

V.
Counterexamples

Q uy = iX(u1 < Up dU()) € 7'5;+1/\0(5n)_
o But 1 ¢ Py A(S").

@ uyvolsn =wuy---updug A--- Nduy, € 73,,/\”(5").
e But volgn ¢ P,ll\"(S").

uy =ug---Up:

@ These are the only counterexamples.

@ Proposition still holds if we add span{1} or span{volsn} to
the left-hand side when necessary.
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Recap

The duality map
P2r+k/\le<(5n) = 752_r+n+k+2/\g_k(sn)v
Por i kN(5") = Por s AT (5™

Upn*gn:

PAN(T™) = Py N4,

(®*)7L o upkgn 0 D*: .
PrAK(TT) 2 P NH(TT).

.

@ voln € 750/\'7(7_") but 1 ¢ P(;AO(Tn)-
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A special case or a new definition?
o voln € PoA"(T") but 1 ¢ Py AO(T").

V.

'P;/\k(]RnJrl) — I'X'Pr_l/\kJrl(RnJrl).

v

PoAKR™Y) = {a € PAKR™) | ixa = 0}

V.

Proposition

Restricting to T",

PoAK(T™) = PoAR(T")

except Py A°(T") = span{1}.

€
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While we're at it

o uy =ix(uy---updug) € 75;+1/\0(5”).
o But 1 ¢ Py A(S").

@ uyvolsn = ug---updug A--- ANdu, € 73,,/\”(5").
e But vols» ¢ P_1A"(S").

The volume form

volgn = ualdul A - dup.

Perhaps it should be in P_1A"(S") after all?
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A vague parallel?

The cohomology of smooth closed manifolds

o HK(M) := {a € NX(M) | da = 0 and d(*a) = 0}.
o HK(M) = HK(M).
o a € HK(M) & xa € H'K(M) so HX(M) = H'=K(M).

The cohomology of smooth manifolds with boundary i: OM — M

o HK(M) :={a € N¥(M) | da = d(xa) = 0 and i*o = 0}.
o HK(M) = HK(M,oM).

o HK(M) :={a € NK(M) | da = d(xa) = 0 and i*(xa) = 0}.
o HK(M) =2 HX(M).

o a € HK(M) < xa € H'K(M) so HK(M) =2 H"=K(M,aM).

o HX(M) := {a € NK(M) | da = 0} /{ax € AK(M) | o = d3}.
o No boundary conditions!

o Duality between H¥(M) and H"~*(M)?

v
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A vague connection?

The cohomology of smooth manifolds with boundary i: OM — M

o HK(M) :={a € NK(M) | dae = d(*a) = 0 and i*or = 0}
o HK(M) = HK(M,oM).

o HK(M) :={a € Nk (M) | da = d(xa) = 0 and i*(xa) = 0}.
o HK(M) = HX(M).

o a € HK(M) < xa € H'K(M) so HK(M) =2 H"=K(M,aM).

o HK(M) :={a € NK(M) | da = 0}/{a € NK(M) | a = dB}.
e No boundary conditions!

o Duality between H¥(M) and H"~*(M)?

v

PA(T™) =P (ANH(TT),
PNK(T™) 22 P, AT (T).
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