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Symmetry of Scalar Elements

P3AO(T2) = <)‘87 )‘%a /\ga )‘%)‘27 )\5)\1> )‘%/\Oa )‘(2))‘27 )‘(2))‘1> )‘%/\Oa >‘0>‘1)‘2> .
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Symmetry of Scalar Elements

P3AO(T2) = <)‘87 )‘%a /\ga )‘%)‘27 )\5)\1> )‘%/\Oa )‘(2))‘27 )‘(2))‘1> )‘%/\Oa >‘0>‘1)‘2> .
e When computing matrix of, e.g., a(u,v) = [ Vu- Vv, can
exploit sixfold symmetry of T2 to compute fewer entries.
a (A3, ATA2)
=a (A}, \3)N)
=a (A3, A\5)
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a (A3, A3\)
a (A, 50)
a ()\gv )‘%)‘0)



Symmetry of Vector Elements
Whitney Elements
T7i E 3

RTE PrA'(Ay) N1 Py A (A3)
<)\1 dy — Apd ), </\1 dXa — A2 d)q, < A1 dXo AdAs
Ao d)Xg — Ao dAo, Ao dAg — Ao dAo, 4+ Ao dA3 A d)
Ao dA1 — A1 d)\0>. Ao dA1 — A1 d ), + A3 dA1 A d)g,
Ao dA3 — A3 d ), ce
A1 dA3 — A3 dAq, Ao dA1 A dA;
Ao dA3 — A3 d)\2>. + A1 dXa Ad)g
+ A2 dAo A d)\1>

Geometric symmetry = basis symmetry (up to sign).
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Symmetry of Vector Elements
Lack of Symmetric Bases

0

1 2

PoAY(T?)
= (dXo, dA1,dA2),

ddo+d 1 +dX =0
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Symmetry of Vector Elements
Lack of Symmetric Bases

0 — 8 > 20
\ LN Y &
N\ 47N oy ok
\/L 3 S O ..
- (A
RTS Py Al(Ay) BDM:") PiA (A,)
1
(A dX\a — Ahad), (..
PoA(T?) A2 dA; — AtAz d)Ag,
= (dXo, dA1,dA2), . AoA1 A2 d),
A2 dA1 — A1 d)o, AoA1A2 dAg,

' /\% d)\o — /\0)\1 (://\17 )‘0)\1)\2 d)\2>-

AoA1 dA2 — o2 d g,
A1A2 dAg — ApA1 d o,
AoA2 dA1 — A1 d)\0>.
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Theorem (if: Licht, 2019; only if: YBK, 2021)

The following spaces have symmetry-invariant bases up to sign if
and only if the corresponding condition holds.

P,AY(T?) if and only if  r ¢ 3N,
P;ANY(T?)  ifandonly if  r¢ 3Ng+2.

Theorem (YBK, 2021)

The following spaces have symmetry-invariant bases up to sign if
and only if the corresponding condition holds.

73 /\1( 3) always,
1(T3) if and only if  r ¢ 3N + 2,
2( 3) always,

P, A?(T3) always.

v
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Methods
Recursion

0
0 o

12

. ) oo o

PsN(T?) =2 3PsN\°(TO) @ 3PsAO(TH) @ PsA%(T?)
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Methods
Recursion

0
0 ®

12

1 ? 10#.2

PsN(T?) =2 3PsN\°(TO) @ 3PsAO(TH) @ PsA%(T?)

(A3) @ (A]) @ (A3)
® <)\%/\2, )\%)\1> D <)‘%)‘07 /\(2))‘2> D </\?))‘1’ )\%)‘0> ® (AoA1A2)
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Methods
Recursion

0
0 ®

12

1 ? 10#.2

PsN(T?) =2 3PsN\°(TO) @ 3PsAO(TH) @ PsA%(T?)

(A3) @ (\)) @ (A3)
® <)\%/\2, )\%)\1> D <)‘%)‘07 /\(2))‘2> D </\?))‘1’ )\%)‘0> ® (AoA1A2)
= (A5) ® (A]) @ (\3)
D </\1 ds, \» d5> D <)\0 ds, \» d5> D (/\0 ds, \1 d5> D <1 dA>
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Methods

Recursion
0
o

12

1 ? 10#.2

PsN(T?) =2 3PsN\°(TO) @ 3PsAO(TH) @ PsA%(T?)
=~ 3P,A\(T%) @ 3PIAY(TY) @ PoA?(T?)
(N0) @ (A1) @ (A3)
B (AT, A1) @ (A3Ag, AgA2) & (AGA1, AMAg) @ (AgAi )
= (A5) & (A) @ (A3)
D </\1 ds, \» d5> D <)\0 ds, \» d5> D (/\0 ds, \1 d5> D <1 dA>
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Methods

Tetrahedron Basis
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Tetrahedron Basis
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Methods
Tetrahedron Basis

PoY(T?)
= (dXo + dA\1 — dX2 — d)s,

)

dA1 4+ dXy — dXo — dA3)
=:{a, 5,7).



Methods
Tetrahedron Basis

PoAY(T3)

= PoA%(T3) @ PoAL(T?)

= (A5, N33, A3,
Ao, A3, M%7,
A0, A5, A5,
Mo, A3, A3,
AoA1cr, AoA17, AdoA1,

PoN (T?) AoA20v, AoA2/7, Ao,

= (dXo + dA\1 — dX2 — d)s, A3, A3/, AoA3y,

; A1 Aocr, A1 ha 7, A1 A2y,

dM\ +dXo — d)g — d/\3> A1Aza, A1 A3/, A1 Az,
=:{a, 5,7). Ao A3, AoA3 ,/\2)\37>.
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Methods

Obstructions
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Methods

Obstructions

Representations of Z/3

@ The 1D representation 1 where Z/3 acts trivially.

@ The 2D representation 2 where Z/3 acts by 120° rotations.

@ The 3D representation 3 where Z/3 acts by permuting the
coordinates.

o 3= 1@ 2 because ((1,1,1)) is an invariant subspace.
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@ The 3D representation 3 where Z/3 acts by permuting the
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Invariant bases

1 and 3 have symmetry-invariant bases, but 2
does not.
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Methods
Obstructions

Representations of Z/3

@ The 1D representation 1 where Z/3 acts trivially.
@ The 2D representation 2 where Z/3 acts by 120° rotations.

@ The 3D representation 3 where Z/3 acts by permuting the
coordinates.
e 3>1® 2 because ((1,1,1)) is an invariant subspace.

Invariant bases

1 and 3 have symmetry-invariant bases, but 2 A
does not.

Proposition
A representation V= ml @ n2 has a 7Z./3-invariant basis up to
sign if and only if m > n.
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