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The finite element method

Figure: Degrees of freedom (blue) of piecewise linear functions (left) and
piecewise quadratic functions (right).
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Geometric decomposition
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Figure: P3(T?) = ’ﬁ3(T2) &) 3753(T1) &) 3ﬁ3(TO)
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(Ps(T?)) = (P(T?)" @ 3(Ps(TH) @ 3(Ps(T°)
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Geometric decomposition

= ® 3 @3
—00— [

Figure: P3(T?) = ’ﬁ3(T2) &) 3753(T1) &) 3ﬁ3(TO)

(Ps(T?)) = (P(T?)" @ 3(Ps(TH) @ 3(Ps(T°)

I

Po(T?) @ 3P(TY) @ 3P(T9)
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Duality
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Duality

@ Let P and Q be spaces of functions T" — R.
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Duality

@ Let P and Q be spaces of functions T" — R.
o eg. P="Pi(TY), Q="P3(TY))
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(p,q)— [ pq.
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Duality

@ Let P and Q be spaces of functions T" — R.
o eg. P="Pi(T), Q="Ps(T?))
e Consider the pairing

(p,q)— [ pq.
Tn

@ P and Q are dual to each other with respect to integration if
this pairing is a perfect pairing P x Q — R.
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Duality

@ Let P and Q be spaces of functions T" — R.
o eg. P="Pi(T), Q="Ps(T?))
e Consider the pairing

(p,q)— [ pq.
Tn

@ P and Q are dual to each other with respect to integration if
this pairing is a perfect pairing P x Q — R.
e For each nonzero p € P there exists a g € Q such that
an pqg > 0, and for each nonzero g there exists such a p.
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@ Let P and Q be spaces of functions T" — R.
o eg. P="Pi(TY), Q="P3(TY))
o Consider the pairing

(p,q)— [ pq.
TI‘I

@ P and Q are dual to each other with respect to integration if
this pairing is a perfect pairing P x Q@ — R.

e For each nonzero p € P there exists a g € Q such that
an pq > 0, and for each nonzero g there exists such a p.

Construct a bijection P — Q so that for nonzero p — g we have
@ g only depends on p pointwise, and
o [+.pq>0.
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Explicit pointwise duality

y

T'={(x,y) [ x+y=1}

X

Figure: Barycentric coordinates
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Explicit pointwise duality

y

T'={(x,y) [ x+y=1}

X

Figure: Barycentric coordinates

Example (Duality between P;(T') and P3(T?1))
q

For p € P1(T?), set g = (xy)p. Likewise, given g, set p = =

Pu(TY) P3(TY) ‘ J71 Pq
X X2y f.,.l(xy)x2
y xy?* | [ ()y?
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Finite element exterior calculus

Spaces P,AK(T") and P;AK(T") of k-forms on T" with
polynomial coefficients of degree at most r.
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Spaces P,AK(T") and P;AK(T") of k-forms on T" with
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o Discontinuous Galerkin
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Finite element exterior calculus

Spaces P,AK(T") and P;AK(T") of k-forms on T" with
polynomial coefficients of degree at most r.

Special cases

@ scalar fields
o Lagrange
o Discontinuous Galerkin

@ vector fields

o Brezzi-Douglas—Marini elements
o Raviart—Thomas elements
o Nédélec elements

P,AY(T3) and P, AL(T3) are Nédélec H(curl) elements of the 2nd
and 1st kinds, respectively.
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Finite element exterior calculus

Spaces P,AK(T") and P;AK(T") of k-forms on T" with
polynomial coefficients of degree at most r.

Special cases

@ scalar fields
o Lagrange
o Discontinuous Galerkin

@ vector fields

o Brezzi-Douglas—Marini elements
o Raviart—Thomas elements
o Nédélec elements

P,AY(T3) and P, AL(T3) are Nédélec H(curl) elements of the 2nd
and 1st kinds, respectively.

@ See Arnold, Falk, Winther, 2006.
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Duality in finite element exterior calculus

Theorem (Arnold, Falk, and Winther)
With respect to the integration pairing

(a, b) — anb
Tn
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Duality in finite element exterior calculus

Theorem (Arnold, Falk, and Winther)
With respect to the integration pairing

(a, b) — anb
Tn

o P,AK(T") is dual to 75r_+k+1/\"_k(7_"),
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Duality in finite element exterior calculus

Theorem (Arnold, Falk, and Winther)
With respect to the integration pairing

(a, b) — anb
Tn

o P,AK(T") is dual to 75r_+k+1/\"_k(7_"),

o P7NK(T") is dual to P, N"—K(T").
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Duality in finite element exterior calculus

Theorem (Arnold, Falk, and Winther)

With respect to the integration pairing

(a, b) — anb
Tn

o Pr/\k(Tn) is dUa/ to 73:+k+1An—k(Tn),

o P-AK(T") is dual to P, N"=K(T").

Construct an explicit bijection between these spaces so that for
nonzero a — b we have

@ b only depends on a pointwise, and
® [r,aAb>0.
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A motivating example

Let Q be an 3-dimensional domain.
o A(Q) and A?(Q) are dual to each other with respect to
integration.
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Let Q be an 3-dimensional domain.
o A(Q) and A?(Q) are dual to each other with respect to
integration.

Explicit pointwise duality
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A motivating example

Let Q be an 3-dimensional domain.
o A(Q) and A?(Q) are dual to each other with respect to
integration.

Explicit pointwise duality

@ Given nonzero a € A}(Q), let

a=acdx+a,dy+a,dz.
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A motivating example

Let Q be an 3-dimensional domain.
o A(Q) and A?(Q) are dual to each other with respect to
integration.

Explicit pointwise duality

@ Given nonzero a € A}(Q), let

a=acdx+a,dy+a,dz.
o Define b € A%(Q) by

b=aydy ANdz+a,dz Adx + a, dx A\ dy =: *a.
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A motivating example

Let Q be an 3-dimensional domain.
o A(Q) and A?(Q) are dual to each other with respect to
integration.

Explicit pointwise duality

@ Given nonzero a € A}(Q), let

a=acdx+a,dy+a,dz.
o Define b € A%(Q) by
b=aydy ANdz+a,dz Adx + a, dx A\ dy =: *a.

@ b only depends on a pointwise.
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A motivating example

Let Q be an 3-dimensional domain.
o A(Q) and A?(Q) are dual to each other with respect to
integration.

Explicit pointwise duality

@ Given nonzero a € A}(Q), let

a=acdx+a,dy+a,dz.
o Define b € A%(Q) by
b=aydy ANdz+a,dz Adx + a, dx A\ dy =: *a.

@ b only depends on a pointwise.

/aAb:/(a§+a§+a§)dv01:/ |a||* dvol > 0,
Q Q Q
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The simplex and the sphere

@ T? consists of points in the first orthant with x + y + z = 1.
@ Via the change of coordinates
x = u?, y =2 z=w?
we obtain the unit sphere u? + v2 + w? = 1.

V4 w

X u

Figure: Change of coordinates
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Explicit pointwise duality for finite element exterior calculus

Constructing the dual
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Explicit pointwise duality for finite element exterior calculus

Constructing the dual

© Start with a € AK(T™).
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Explicit pointwise duality for finite element exterior calculus

Constructing the dual

© Start with a € AK(T™).
@ Change coordinates to obtain a € AK(S").
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Explicit pointwise duality for finite element exterior calculus

Constructing the dual

© Start with a € AK(T™).
@ Change coordinates to obtain a € AK(S").
© Apply the Hodge star to obtain *snax € A"~K(S").
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Explicit pointwise duality for finite element exterior calculus

Constructing the dual

© Start with a € AK(T™).

@ Change coordinates to obtain a € AK(S").

© Apply the Hodge star to obtain *snax € A"~K(S").

@ Multiply by the coordinate functions to obtain 3 € A"~k(S").
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Explicit pointwise duality for finite element exterior calculus

Constructing the dual

© Start with a € AK(T™).
@ Change coordinates to obtain a € AK(S").
© Apply the Hodge star to obtain *snax € A"~K(S").

@ Multiply by the coordinate functions to obtain 3 € A"~k(S").
e in dimension 2, § = uvw(*s2cx).
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Explicit pointwise duality for finite element exterior calculus

© Start with a € AK(T™).

@ Change coordinates to obtain a € AK(S").

© Apply the Hodge star to obtain *snax € A"~K(S").

@ Multiply by the coordinate functions to obtain 3 € A"~k(S").
e in dimension 2, § = uvw(*s2cx).

© Change coordinates back to obtain b € A"~k(T™).
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Explicit pointwise duality for finite element exterior calculus

Constructing the dual

© Start with a € AK(T™).

@ Change coordinates to obtain a € AK(S").

© Apply the Hodge star to obtain *snax € A"~K(S").

@ Multiply by the coordinate functions to obtain 3 € A"~k(S").
e in dimension 2, § = uvw(*s2cx).

@ Change coordinates back to obtain b € A"~%(T").

Theorem (YBK)
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Explicit pointwise duality for finite element exterior calculus

Constructing the dual

© Start with a € AK(T™).

@ Change coordinates to obtain a € AK(S").

© Apply the Hodge star to obtain *snax € A"~K(S").

@ Multiply by the coordinate functions to obtain 3 € A"~k(S").
e in dimension 2, § = uvw(*s2cx).

@ Change coordinates back to obtain b € A"~%(T").

Theorem (YBK)

@ b depends on a pointwise.

® [r.aAb>0 for nonzero a.

o a e PAK(T") iffbe Py, ATK(T™).
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Explicit pointwise duality for finite element exterior calculus

Constructing the dual

© Start with a € AK(T™).

@ Change coordinates to obtain a € AK(S").

© Apply the Hodge star to obtain *snax € A"~K(S").

@ Multiply by the coordinate functions to obtain 3 € A"~k(S").
e in dimension 2, § = uvw(*s2cx).

@ Change coordinates back to obtain b € A"~%(T").

Theorem (YBK)

@ b depends on a pointwise.

® [r.aAb>0 for nonzero a.
o a e PAK(T") iffbe Py, ATK(T™).
o ac P AK(T") iff b e Pr N"K(T).
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Example 1
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Example 1

Change of coordinates

x = u?, y =2 z=w?,

dx = 2u du, dy = 2vdv, dz = 2w dw.
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Example 1

Change of coordinates
2 2 2

X = U, y=v", zZ=Ww,
dx = 2u du, dy = 2vdv, dz = 2w dw.

Hodge star on the sphere

v=udu+vdv+ wdw,

*g200 = *R3(V VAN a).
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Example 1

Change of coordinates
2 2 2

X = U, y=v", zZ=Ww,
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Hodge star on the sphere
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*g200 = *R3(V VAN a).

Yakov Berchenko-Kogan Duality in FEEC and the Hodge Star on the Sphere



Example 1

Change of coordinates
2 2 2

X = U, y=v", zZ=Ww,
dx = 2u du, dy = 2vdv, dz = 2w dw.

Hodge star on the sphere

v=udu+vdv+ wdw,

*g200 = *R3(V VAN a).

Q a=ydy € PINY(T?).
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Example 1

Change of coordinates
2 2 2

X = U, y=v", zZ=Ww,
dx = 2u du, dy = 2vdv, dz = 2w dw.

Hodge star on the sphere

v=udu+vdv+ wdw,

*g200 = *R3(V VAN a).

Q a=ydy € PINY(T?).
Q@ a=2v3dv.
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Example 1

Change of coordinates
2 2 2

X = U, y=v", zZ=Ww,
dx = 2u du, dy = 2vdv, dz = 2w dw.

Hodge star on the sphere

v=udu+vdv+ wdw,

*g200 = *R3(V VAN a).

Q@ a=ydy c PIAY(T?).
Q@ a=234dv.
Q x50 = 2uv3 dw — 2v3w du.
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Example 1

Change of coordinates

x = u? y = V2, z=w?
dx = 2udu, dy = 2vdv, dz = 2de.

Hodge star on the sphere

v=udu+vdv+ wdw,

kgoar = *p3(V A ).

Example
Q@ a=ydy c PIAY(T?).
Q@ a=234dv.
Q *s0a= 2uv3 dw — 2v3w du.

Q B = uww(*sna) = 2u?viw dw — 2uvtw? du.
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Example 1

Change of coordinates

x = u? y = V2, z=w?
dx = 2udu, dy = 2vdv, dz = 2de.

Hodge star on the sphere

v=udu+vdv+ wdw,

kgoar = *p3(V A ).

Example
Q a=ydy € PINY(T?).
Q@ a=23dv.
Q *s0a= 2uv3 dw — 2v3w du.
Q B = uww(*sna) = 2u?viw dw — 2uvtw? du.
@ b= xy?dz — y?zdx € Py NY(T?).
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Example 2
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Example 2

Q a=xdy —ydx € Py AY(T?).
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Example 2

Q a=xdy —ydx € Py AY(T?).
Q o =2uv?vdv —2uv?du.
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Example 2

Q a=xdy —ydx € Py AY(T?).
Q@ a=2uvdv—2uv?du.
Q s =2((Pv+ uwd)dw — vPvw du — uvPw dv)
= 2uv(v? 4+ v? + w?) dw — uvw d(u? + v2 + w?)

= 2uv dw.
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Example 2

Q a=xdy —ydx € Py AY(T?).
Q@ a=2uvdv—2uv?du.
Q s =2((Pv+ uwd)dw — vPvw du — uvPw dv)
= 2uv(v? 4+ v? + w?) dw — uvw d(u? + v2 + w?)

= 2uv dw.

Q B = uvw(xs2a) = 2u?v2w dw.
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Example 2

Q a=xdy —ydx € Py AY(T?).
Q@ a=2uvdv—2uv?du.
Q s =2((Pv+ uwd)dw — vPvw du — uvPw dv)
= 2uv(v? 4+ v? + w?) dw — uvw d(u? + v2 + w?)

= 2uv dw.

Q B = uvw(xs2a) = 2u?v2w dw.
Q b= xydz € PLAY(T?).
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Example 2

Q a=xdy —ydx € Py AY(T?).
Q@ a=2uvdv—2uv?du.
Q s =2((Pv+ uwd)dw — vPvw du — uvPw dv)
= 2uv(v? 4+ v? + w?) dw — uvw d(u? + v2 + w?)

= 2uv dw.

Q B = uvw(xs2a) = 2u?v2w dw.
Q b= xydz € PLAY(T?).

Integration via u-substitution

/a/\b: , alp= ) uvw(a A xg2)
T S>O S>0

:/ uvw ||| dArea > 0
2

>0
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Correspondence between forms on T"” and forms on S”

Change of coordinates

X:U2, y:V27 Z:W27

dx = 2u du, dy =2vdyv, dz = 2w dw.
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Correspondence between forms on T"” and forms on S”

Change of coordinates

X:U2, y:V27 Z:W27

dx = 2u du, dy =2vdyv, dz = 2w dw.

o € NK(S) is even if it is invariant under each coordinate
reflection. Let AX(S") denote the space of such forms.
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Correspondence between forms on T"” and forms on S”

Change of coordinates

x = u? y =2, z=w?
dx = 2udu, dy =2vdyv, dz = 2de.

o € NK(S) is even if it is invariant under each coordinate
reflection. Let AX(S") denote the space of such forms.

v+ viw? udu uvw? du A dv
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Correspondence between forms on T"” and forms on S”

Change of coordinates

x = u? y =2, z=w?
dx = 2udu, dy =2vdyv, dz = 2de.

Definition

o € NK(S) is even if it is invariant under each coordinate
reflection. Let AX(S") denote the space of such forms.

Example

v+ viw? udu uvw? du A dv

Theorem (YBK

—
~

The change of coordinates induces a bijection between P, A<(T")
and P2r+k/\le((5").
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Even and odd forms on the sphere

o € N¥(S") is odd if it changes sign under each coordinate
reflection. Let AX(S") denote the space of such forms.
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Even and odd forms on the sphere

o € N¥(S") is odd if it changes sign under each coordinate
reflection. Let AX(S") denote the space of such forms.

Let up denote the product of the coordinate functions.
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Even and odd forms on the sphere

o € N¥(S") is odd if it changes sign under each coordinate
reflection. Let AX(S") denote the space of such forms.

Let up denote the product of the coordinate functions.

@ In dimension 2, uy = uvw.
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Even and odd forms on the sphere

o € N¥(S") is odd if it changes sign under each coordinate
reflection. Let AX(S") denote the space of such forms.

Let up denote the product of the coordinate functions.

@ In dimension 2, uy = uvw.
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Even and odd forms on the sphere

o € N¥(S") is odd if it changes sign under each coordinate
reflection. Let AX(S") denote the space of such forms.

Let up denote the product of the coordinate functions.

@ In dimension 2, uy = uvw.

@ If « is even, then xsnax is odd, and vice versa.
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Even and odd forms on the sphere

o € N¥(S") is odd if it changes sign under each coordinate
reflection. Let AX(S") denote the space of such forms.

Let up denote the product of the coordinate functions.

@ In dimension 2, uy = uvw.

@ If « is even, then xsnax is odd, and vice versa.

@ If v is even, then uya is odd, and vice versa.
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Even and odd forms on the sphere

o € N¥(S") is odd if it changes sign under each coordinate
reflection. Let AX(S") denote the space of such forms.

Let up denote the product of the coordinate functions.

@ In dimension 2, uy = uvw.

@ If « is even, then xsnax is odd, and vice versa.

@ If v is even, then uya is odd, and vice versa.

Proof.
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Even and odd forms on the sphere

o € N¥(S") is odd if it changes sign under each coordinate
reflection. Let AX(S") denote the space of such forms.

Let up denote the product of the coordinate functions.

@ In dimension 2, uy = uvw.

@ If « is even, then xsnax is odd, and vice versa.

@ If « is even, then un« is odd, and vice versa.

Proof.
@ Reflections reverse orientation, which changes the sign of xgn.
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Even and odd forms on the sphere

o € N¥(S") is odd if it changes sign under each coordinate
reflection. Let AX(S") denote the space of such forms.

Let up denote the product of the coordinate functions.

@ In dimension 2, uy = uvw.

@ If « is even, then xsnax is odd, and vice versa.

@ If « is even, then un« is odd, and vice versa.

Proof.
@ Reflections reverse orientation, which changes the sign of xgn.

@ uy is odd. O
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Correspondences between forms on T" and forms on S”

Theorem (YBK)

Let a € P,AK(T") and o € P,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,
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Correspondences between forms on T" and forms on S”

Theorem (YBK)

Let a € P,AK(T") and o € P,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

ac P AN(T™) & a€xsaPas 1 ATH(S")
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Correspondences between forms on T" and forms on S”

Theorem (YBK)

Let a € P,AK(T") and o € P,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

ae P A(T") & a€xsoPor1Ay4(S")
ac P AT & € unParrk—n_1NE(S")
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Correspondences between forms on T" and forms on S”

Theorem (YBK)

Let a € P,AK(T") and o € P,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

acP,ANT") & a€xsPoryk 1A
ac PANTY) & acunPorikniN(S")
ac 75r—/\k(-,-n) =2 o€ UN*snP2r+k_n_2Ag_k(5n).
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Correspondences between forms on T" and forms on S”

Theorem (YBK)

Let a € P,AX(T") and a € Po,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

ac Pr_/\k(Tn) = [ORS *snP2,+k_1Ag_k(5n)
ac PANTY) & acunPorikniN(S")
ac Py AT & a € unxsaPorik_noNITK(S™).

— /\n—k(Tn)

Explicit pointwise duality for P,AK(T") and 75r+k+1
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Correspondences between forms on T" and forms on S”

Theorem (YBK)
Let a € P,AX(T") and a € Po,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

ac P AT & a€xsnPoryk 1 ATK(S™)

ac PANTY) & acunPorikniN(S")

ac Py AT & a € unxsaPorik_noNITK(S™).

Explicit pointwise duality for P,AX(T") and P AP=k(T™

r+k+1
Q ac PN(T"),
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Correspondences between forms on T" and forms on S”

Theorem (YBK)
Let a € P,AX(T") and a € Po,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

acP,ANT") & a€xsPoryk 1A

ac PANTY) & acunPorikniN(S")

ac Py AT & a € unxsaPorik_noNITK(S™).

Explicit pointwise duality for P,AX(T") and P AP=k(T™

r+k+1
Q ac PN(T"),
Q ac ,P2r+k/\le<(5n)y
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Correspondences between forms on T" and forms on S”

Theorem (YBK)
Let a € P,AX(T") and a € Po,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

acP,ANT") & a€xsPoryk 1A

ac PANTY) & acunPorikniN(S")

ac Py AT & a € unxsaPorik_noNITK(S™).

Explicit pointwise duality for P,AX(T") and P AP=k(T™

rk+1
Q ac PN(T"),
Q@ o € Prr ik N5(S),
Q x5 € *SnP2,+k/\’e<(5”),
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Correspondences between forms on T" and forms on S”

Theorem (YBK)
Let a € P,AX(T") and a € Po,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

acP,ANT") & a€xsPoryk 1A

ac PANTY) & acunPorikniN(S")

ac Py AT & a € unxsaPorik_noNITK(S™).

Explicit pointwise duality for P,AX(T") and P AP=k(T™

r+k+1
Q@ ac PAK(T),
Q@ o € Prr ik N5(S),
© *xsna € *snP2r+k/\le<(5n)v
O B = un*sna € uyxsaPa,kN5(ST),
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Correspondences between forms on T" and forms on S”

Theorem (YBK)
Let a € P,AX(T") and a € Po,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

acP,ANT") & a€xsPoryk 1A

ac PANTY) & acunPorikniN(S")

ac Py AT & a € unxsaPorik_noNITK(S™).

Explicit pointwise duality for P,AX(T") and P AP=k(T™

r+k+1
Q ac PA(T"),
Q ac ,P2r+k/\le<(5n)y
Q #sna € x50 PorkNE(S"),
Q B = un*snar € unksnPor ik NE(S"),
@ be P, ATKT.



Correspondences between forms on T" and forms on S”

Theorem (YBK)

Let a € P,AK(T") and o € P,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

ac P, AT & a€xsPory 1ATK(S
ac PANTY) & acunPorikn1N(S")
ac 75r—/\k(-,-n) =2 o€ UN*snP2r+k_n_2Ag_k(5n).
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Correspondences between forms on T" and forms on S”

Theorem (YBK)

Let a € P,AX(T") and a € Po,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

ac Pr_/\k(Tn) = (RS *snP2,+k_1Ag_k(5n)
ac PANTY) & acunPorikn1N(S")
ac Py AT & a € unxsaPorik_noNIK(S™).

Explicit pointwise duality for P, AK(T") and 75r+k/\n_k(7_n)
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Correspondences between forms on T" and forms on S”

Theorem (YBK)
Let a € P,AX(T") and a € Po,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

ac P, AT & a€xsPory 1ATK(S

ac PANTY) & acunPorikn1N(S")

ac Py AT & a € unxsaPorik_noNIK(S™).

Explicit pointwise duality for P, AK(T") and 75r+k/\n_k(7_n)
Q ac Pf/\k(T"),
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Correspondences between forms on T" and forms on S”

Theorem (YBK)
Let a € P,AX(T") and a € Po,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

ac P, AT & a€xsPory 1ATK(S

ac PANTY) & acunPorikn1N(S")

ac Py AT & a € unxsaPorik_noNIK(S™).

Explicit pointwise duality for P, AK(T") and 75r+k/\n_k(7_n)
Q ac Pf/\k(T"),
Q@ o € x50 Pk —1A]K(S"),

Yakov Berchenko-Kogan Duality in FEEC and the Hodge Star on the Sphere



Correspondences between forms on T" and forms on S”

Theorem (YBK)
Let a € P,AX(T") and a € Po,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

ac P, AT & a€xsPory 1ATK(S

ac PANTY) & acunPorikn1N(S")

ac Py AT & a € unxsaPorik_noNIK(S™).

Explicit pointwise duality for P, AK(T") and 75r+k/\n_k(7_n)
Q@ ac PoAK(TM),
Q o € 5Py 1ANTTK(ST),
Q xsra € Pori1AITK(S),
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Correspondences between forms on T" and forms on S”

Theorem (YBK)
Let a € P,AX(T") and a € Po,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

ac P, AT & a€xsPory 1ATK(S

ac PANTY) & acunPorikn1N(S")

ac Py AT & a € unxsaPorik_noNIK(S™).

Explicit pointwise duality for P, AK(T") and 75r+k/\n_k(7_n)
Q@ ac PoAK(TM),
Q o € 5Py 1ANTTK(ST),
Q xsra € Pori1AITK(S),
Q 5 = unxsna € unPory k1N K(S"),
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Correspondences between forms on T" and forms on S”

Theorem (YBK)
Let a € P,AX(T") and a € Po,y kNE(S™) correspond to each other
via the change of coordinates. Then for r > 1,

ac P, AT & a€xsPory 1ATK(S

ac PANTY) & acunPorikn1N(S")

ac Py AT & a € unxsaPorik_noNIK(S™).

Explicit pointwise duality for P, AK(T") and 75,+k/\”_k(T”)
Q@ ac PoAK(TM),
Q@ « € x50 Pork—1ATK(S"),
Q xsra € Pori1AITK(S),
Q B = unksnar € unParyk—1NT5(S"),
Q@ be P NK(T").



(optional slide) Alternate characterizations of P AX(T™)
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(optional slide) Alternate characterizations of P AX(T™)

Definition
@ Let X be the radial vector field z
0 0 0 2
X = x— - - T
X ox + y(?y + 29z

X<
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(optional slide) Alternate characterizations of P AX(T™)

Definition
@ Let X be the radial vector field

z
0 0 0 ;%
X=x—+y—+z—
dy

Ox 0z’ S

X<
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(optional slide) Alternate characterizations of P AX(T™)

Definition
@ Let X be the radial vector field

z
0 0 0 ;%
X=x—+y—+z—
dy

: -
Ox 0z o y
X
@ Let X7 be the projection of the radial vector field to T".
0 0 0 2
Xt =(x-1) — S A T
T (X 3) 3X+(y 3) 8y+(z 3) e
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(optional slide) Alternate characterizations of P AX(T™)

Definition
@ Let X be the radial vector field

z
0 0 0 ;%
X=x—+y—+z—
dy

: -
Ox 0z o y
X
@ Let X7 be the projection of the radial vector field to T".
0 0 0 2
Xt =(x-1) — S A T
T (X 3) 3X+(y 3) 8y+(z 3) e
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(optional slide) Alternate characterizations of P AX(T™)

Definition
@ Let X be the radial vector field

z
0 0 0 ;%
X=x—+y—+z—
dy

: -
Ox 0z o y
X
@ Let X7 be the projection of the radial vector field to T".
0 0 0 2
Xt =(x-1) — S A T
T (X 3) 3x+<y 3) 8y+(z 3) e

o Let ix: AX(T?) — Ak=1(T?) denote contraction.
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(optional slide) Alternate characterizations of P AX(T™)

Definition
@ Let X be the radial vector field

V4
f%
X:xg—i—yg—{—zg 7\

Ox dy 0z S y
X
@ Let X7 be the projection of the radial vector field to T".
0 0 0 2
Xr— (x— 1) 2 _n 9 9 T
T (X 3) 6X+<y 3) aer(Z 3) e

o Let ix: A*(T?) — Ak=1(T?) denote contraction.

Definition (Arnold, Falk, and Winther)

PoAS(TT) = P aN(T") + ix, Pt AFH(T).
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(optional slide) Alternate characterizations of P AX(T™)

P,N(T") is the restriction of P,AK(R"*1) to T". Likewise. ..
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(optional slide) Alternate characterizations of P AX(T™)

P,N(T") is the restriction of P,AK(R"*1) to T". Likewise. ..

Definition (YBK)

P_Ak Rn+1 o iXPr—lAk+1 Rn—i—l
7
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(optional slide) Alternate characterizations of P AX(T™)

P,N(T") is the restriction of P,AK(R"*1) to T". Likewise. ..

Definition (YBK)

rPr—Ak(RIH-l) — iXPr—lAk+1(Rn+1)
Let P7AK(T™) be the restriction of P AK(R™1) to T".
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(optional slide) Alternate characterizations of P AX(T™)

P,N(T") is the restriction of P,AK(R"*1) to T". Likewise. ..

Definition (YBK)

rPr—Ak(RIH-l) — iXPr_lAk+1(Rn+l)
Let P7AK(T™) be the restriction of P AK(R™1) to T".

Theorem (YBK)

The two definitions are equivalent.
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Thank you
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